ABSTRACT
Laplacian Transport and Dirichlet-to-Neumann Operators
The theory of Dirichlet-to-Neumann operators is the basis of many research domains in analysis, particularly, those concerning Laplacian transports. It is also very important in mathematical-physics, geophysics, electrochemistry. Moreover, it is very useful in medical diagnosis, such as electrical impedance tomography: In 1989, J. Lee and G. Uhlmann have introduced an example on the determination of conductivity matrix field in a bounded open domain, see e.g. [1] . This example is related to measuring the elliptic Dirichlet-toNeumann map for associated conductivity equation, see e.g. [1] .
The problem of electrical current flux is an example of so-called diffusive Laplacian transport. Besides the voltage-to-current problem, the motivation to study this kind of transport comes for instance, from the transfer across biological membranes, see e.g. [2, 3] .
Let some species of concentration , , diffuse stationary in the isotropic bulk , the concentration at the source , ( ), on the interface . : The advantage of this approach is that as soon as the operator (1) is defined, one can apply it to study the mixed boundary value problem (P2). This gives, in particularly, the value of the particle flux due to Laplacian transport across the membrane . Moreover, the total current across the boundary   can be defined (for given f ) in term of Dirihlet-to-Neumann operator (1) as follows:
d ,
where  designed the differential element relative to
There are at least two inverse problems derived from problem (P2): a) geometrical inverse problem: given Dirichlet data and the corresponding (measured) Neumann data g , in (1), on the accessible outer boundary , to reconstruct the shape of the interior boundary , see [5] .
 B  b) localisation inverse problem: concerns to localisate of the domain (cell) B with a given shape and the fixed parameters  and , see [6] .
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The main question in this context is to find sufficient conditions insuring that the localization inverse problem is uniquely soluble. Indeed:
First, we relate the above problems a) and b) with the Dirichlet-to-Neumann operator (1) by defining explicitly this operator, whose can define the local and total current across the external boundary , which are useful to resolve a) and b).
Second, we study the localisation inverse problem in the framework of application outlined in the problem (P2), which consist in finding sufficient (Dirichlet-toNeumann) conditions to localise the position of the cell B In Section 2, we introduce the existence and uniqueness for the solution of problem (P2). In Section 3, we introduce our first main result concerning the study of spherical case of problem (P1), whose we give a general method to resolve the type of partial derivative system like (P1), see proposition 3.2. Indeed, we allow an explicit calculations, based on Green-Ostrogradski theorem, for the solution of this problem.
In Section 4, it is our second main result which consist in showing that total current across the external boundary , involving Dirihlet-to-Neumann operator (1), can resolve the localisation inverse problem in three dimensional case, when the compact .
Uniqueness of the Problem (P2)
We suppose that  and be open bounded domains in  with -smooth disjoint boundaries

Then the unit outer-normal to the boundary
is well-defined, and we consider the normal derivative in (P2) as the interior limit:
The existence of the limit (3) as well as the restriction
is insured since has to be harmonic solution of problem (P2) for -smooth
. Now, we introduce some indispensable standard notations and definitions, see [8] . Let be Hilbert space 
Proof.
For existence we refer to [7] . To prove the uniqueness, we consider the problem (P2) for  and 0 c   . Then by Gauss-Ostrogradsky theorem, one gets that the corresponding solution yields:
The estimate (4) implies that   Const
Hence by the boundary condition one gets
, and from . ce tw Hereafter, we denote the pr othesis spherical case.
In the sequel, we resolve the problem (P1) in order to calculate explicitly Dirichlet-to-Neumann operator relative to this case.
Before resolving problem (P1), we need the following theorem which the key of the solution:
Theorem 3.1. (Gauss-Ostrogradski) 
, .
is harmonic function, then it takes the following form, see [10] :
Therefore, we need to calculate the coefficients of (7) from the condition boundaries. Indeed, since the radius of points of  are equal to constant 0 , then the condition boundary on use Gauss-Ostrogradski the rem's, whose we show that it is useful to find another relation between the coefficients of (7) 
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